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Error Analysis of Semianalytic Displacement Derivatives
for Shape and Sizing Variables

Peter A. Fenyes* and Robert V. Lust}
General Motors Research Laboratories, Warren, Michigan

For efficiency, the derivatives used in structural optimization are often calculated using a technique known as the
semianalytic method. Here, we investigate the accuracy of this method for calculating static displacement
derivatives with respect to both shape and sizing design variables. We show that the errors are entirely due to
inaccuracies introduced during the finite-difference approximation of the stiffness matrix derivatives. Two types of
errors are discussed. In the first case, the finite-difference error causes uniform scaling of the derivatives relative
to their true values and the magnitude of the relative error depends only on the choice of the finite-difference
parameter and the finite-difference formula. In the second case, errors in the finite-difference operation may lead
to nonuniform errors in the displacement derivatives. The magnitudes of the relative errors depend not only on the
finite-difference parameter and formula, but on the location of the element(s) associated with the design variable
and the discretization of the structure. We demonstrate our error analysis using several example problems,
including a representative automotive frame. We show for these problems that the relative errors can be adequately
controlled through the choice of the finite-difference parameter.

Introduction

ENSITIVITY analysis is an integral part of the solution

of the structural optimization problem. Consequently,
much research work has focused on the efficient computation
of static displacement derivatives and several formulations
have been developed.! Although these methods differ in their
approaches, the results of the computations are equivalent. As
originally developed, these methods relied on analytical repre-
sentations for the derivatives of the structural stiffness matrix
K with respect to the design variables b,. For some simple
elements—beams and trusses, for instance—the formulation
of K in terms of the b, is well known, and it is relatively easy
to derive analytic expressions for dK/db;; however, this is
generally not possible for more complicated element formula-
tions and for most shape design variables. In order to over-
come these difficulties and facilitate the implementation of
these methods into structural optimization programs? using
general finite element analysis codes,* the sémianalytic
method>® was developed. In this method, we approximate the
matrix 3K /adb; by finite difference. In so doing, the approach
retains the simplicity and efficiency of the analytic derivative
technique while generahzmg it for use with standard finite
element codes.

Although it is well known that the accuracy of the sem-
ianalytic method depends on the finite-difference para-
meter, a recent study’ suggested that more fundamental inac-
curacies exist in the method, particularly when used for shape
optimization. Another study,® restricted to analyzing displace-
ment derivatives of a cantilevered beam with respect to shape
design variables, has argued qualitatively that these errors are
related to nonuniform errors in the stiffness matrix sehsitivi-
ties.

In this paper, we first develop a general framework for the
error analysis. We show that the errors in the semianalytic
method are merely the result of finite-difference errors in the
pseudoload vector. Within this framework we develop analy-
tical error expressions for derivatives with respect to both
shape and sizing design variables for a cantilevered beam.
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Using these expressions, we show analytically that the errors
in the semianalytic method are entirely accounted for by
errors in the finite-difference approximation of dK/0b,. We
also show that the relative errors may occur nonuniformly
throughout the structure for either type of design variable.
Finally, we present computational results for a simple
cantilevered beam and a three-dimensional automotive beam
structure that confirm our analyses.

Static Displacement Derivatives

Consider the discretized static equilibrium equations given
by

Ku=p ey

where K is the system stiffness matrix, » is a vector of nodal
displacements, and p is the vector of external nodal loads.
Differentiating Eq. (1) with respect to the design variable b,
yields the following exact expression for the static displace-
ment derivatives

=K u=—Kp] ®

where, for convenience, it has been assumed that p is indepen-
dent of b, and where p;i is referred to as the pseudoload
vector. Although the application of Eq. (2) is conceptually

. straightforward, its implementation in general finite-element

codes is complicated by the need for an analytic representa-
tion for the derivative of the stiffness matrix with respect to
b;. This is especially true when b; represents a structural shape
design variable.

A more tractable method for calculating the displacement
deriv atives is obtained by replacing dK/0b, with a finite-differ-
ence approximation,>® i.e.,

oK AK 3
b, Ab; )

Substituting Eq. (3) into Eq. (2) gives

K
= —K R 4
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where p{ is the approximate pseudoload vector. This so-called
semianalytic method [Eq. (4)] is clearly easier to implement
than Eq. (2), requiring only some general scheme for caculat-
ing AK/Ab;. Unless otherwise stated, AK/Ab; is obtained by
forward finite difference, i.e.,

AK Kb+ ¢ Ab) — K(b)

a6, = Ab, 3
where e; is the ith unit vector and
Ab, = cb, (6)

and ¢ > 0 is the finite-difference parameter.

Accuracy of the Semianalytic Method

It is well known that the accuracy of the semianalytic
method for computing static displacement derivatives is de-
pendent on the choice of ¢ in Eq. (6). A comparison of Eqgs.
(2) and (4) reveals that for ¢ #0 the errors in the displace-
ment derivatives are a consequence of errors contained in the
approximate pseudoload vector pi. Theoretically, as ¢ ap-
proaches zero, the accuracy of the semlanalytlc method ap-
proaches that of the analytic method. In practice, the choice
of ¢ is limited by the precision of the computer on which the
method is implemented. As a result, for any reasonably small
choice for the value of ¢, the displacement derivatives ob-
tained by the semianalytic method will contain finite-differ-
ence error.

In order to charactenze this error, first consider the case
where, for some variable b;, the structural stiffness matrix can
be separated into two terms, as follows:

K=R+f®)K, ™

where K and K, are independent of b,, and f(b;) represents
some function of b;. For this case, the displacement deriva-
tives are glven by

T K= —K7'p} (®)

when calculated analytically, and by

Bu_ L AG)
e, a6,

Kpu=—K~'p; 9

when the semianalytic method is used. Introducing a relative
error measure

.= I:Af(bi) 5f(b,-)}/5f(bi)

Ab, 0B, ab,

(109)

!

to represent the accuracy of the finite-difference approxima-
tion of df(b,)/0b;, one can write

Af(b:)
Ab,

of(b,)

=(1+¢) 2b,

(11)

Substituting Eq. (11) into Eq. (9) gives the following expres-
sion for the approxxmate pseudoload vector and displacement
derivatives

pi=q +e~)pf (12)
As _

Ab, =(1+ ,) (13)

It is clear from the preceding that when the conditions
represented by Eq. (7) are satisfied, the semianalytic method
yields displacement derivatives that are scaled with respect to
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the analytic derivatives. This is because j; is a simple scaling
of pi. As a result, the accuracy of the derivatives depends only
on the accuracy of Af(b,;)/Ab;.

If, as is often the case, the conditions represented by Eq. (7)
are not satisfied then the errors in the displacement deriva-
tives may have a significantly different form. Consider the
following expression for the finite-difference approximation to
0K [0b,

AK 3K
Ak _Kig 14
Ab,~ab, T Ei 14

where E; denotes a matrix of errors resulting from the finite-
difference operations on K. Substituting Eq. (14) into Eq. (4)
and simplifying gives the following approximation for the
displacement derivatives: '

M _kp=2 kg (15)
Ab, P =%, “
where
Pi=pi+Eu (16)

In this case, pj is not necessarily a simple scaling of p:.
Geometrically, this means that the approximate pseudoload
vector may have the wrong shape as well as the wrong
magnitude. Also, since in this case §{ is a function of both E;
and u, the accuracy of the displacement derivatives depends
not only on the errors in the entries of AK/Ab, but also on
their interactions with u. Therefore, the accuracy of the
derivatives may depend on the number of elements in the
structural model and the location, within the model, of the
element(s) dependent on b;.

Error Analysis for a Cantilevered Beam

To illustrate the concepts set forth in the preceding section,
consider the initially uniform cantilevered beam of length L,
shown in Fig. 1. The beam has a rectangular cross section and
is subject to force and moment loads at the tip. It is modeled
with N beam type finite elements, each having a length
¢ = L/N. In the following, we investigate the accuracy of the
tip displacement derivatives with respect to s1zmg and shape
design variables (Au‘/Ab;) when calculated via the semiana-
lytic method.

Sizing Design Variables—Planar Case

For the cantilevered beam just described, we consider the
derivative of the tip displacement with respect to the height 4,
of the nth element. Imtlally, we take F, =0, M, =0 so that
all displacements occur in the x-z plane The element level
stiffness matrix for the x-z plane is given by

6 =3, -6 -3¢,
2E]
K== 27 3¢, <G amn
n 6 3¢,
sym 2¢2
where
I, = (w,h;3)/12 (18)

Clearly, in this case, K can be written in the form of Eq. (7),
where

fh,) =h, (19

* Consequently, the relative error in the tip displacement

derivative (¢”) given by Eq. (10) is

e =(c*+3c)/3=¢" (20)
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Fig. 1 Cantilevered beam finite element model.

where ¢ is the forward finite-difference parameter. Note that
the relative error is quite small (0.1%) for values of ¢ less than
0.001. It should also be noted that the error is independent of
both the number of elements used to model the beam and the
location of the element along the beam.

Shape Design Variables

In this case, the accuracy of the tip displacement derivatives
with respect to the length ¢, of the nth element is investigated.
Since the element level stiffness matrix [Eq. (17)] contains
different powers of Z,,, it will not be possible to write K in the
form of Eq. (7). Therefore, using Eq. (4), we will derive an
exact expression for the semianalytic tip displacement deriva-
tive Au’/A¢, in order to assess its accuracy. In this case,
working from Eq. (4), Au’/A¢, can be obtained from

Au'  _AK:
=—r
A~ " AL,

u, 2n

where u, is a vector of displacements associated with the nth
element and AK;/AZ, is a forward difference approximation
to 8K¢/of,. Letting r” be the row of K~! corresponding to
the tip displacement degree of freedom, r7 is a row vector
containing only the entries of r7, associated with the degrees
of freedom of the nth element. 1

To evaluate Eq. (21), first consider the following expres-
sions for the displacements and rotations along the length of
a uniform cantilevered beam subject to tip loads F, =0,
M,=0,F,=F and M,=M:

(FL — M)x* Fx?
T 2EI  6EI
Fx? (M - FL)x
T &

u(x) (22)

0(x) = (23)

Now, let the beam be composed of N elements of length
£, ={¢ =L/N numbered from 1 to N, starting at the root
(Fig. 1). If the nodes are numbered from 0 to N, starting at
the root, then the nth node has location

x =(nL)/N =nt (24)

Substituting Eq. (24) into Egs. (22) and (23) yields the
following expressions for u and 6 at node n: °

iy = [(FL -M) Fnt

_ 2 y2p2. -
S5 6EI]” £%; n=0,.,N (25)
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Fnl M — FL
6(n) = [2%, + (E—I’]nf;

n=0,.,N (26)

These equations represent the solution to Eq. (1) for any
given discrétization of the beam. By recognizing that

u=Kp 27
implies
K;'=K;'=—2 28
ij Ji dp, ( )

it is possible to obtain any entry of K~!. Therefore, by
symmetry of K~! we may compute

-~

e 3 s 252
(n—1)%
un —1) SET [3L —(n —1)/]
on — 1) (=D —1ye -2
, 4 \ 2EI >
r, =_ﬁ = 9 252
Sl e 3L —nt)
u 6EI g’
nf
L 0(’1) ) L -Z—LTI(nf — 2L) J
‘ (29)
Finally, given that
[ 18 6 18 6 . |
—ﬁ Cl 7 C2 72' Cl 7 C2
AKe 2EI 6
A, " 72 6 e o6
18 6
=G -G
sym —2C,
30
where
€D +c+1
Ci=————— 1
=T (3
(/) +1
= T D) (32)
Ci=1/1+¢) (33)
and that u, can be obtained from Egs. (25) and (26), where
un —1)
_Jom—1)
w, =% (34)
6(n)

Equation (21) can be evaluated for Au‘/A¢,. To simplify the
final result, consider the case where F, = F =0. Equations
(25) and (26) become

u(n) = —(Mn*¢*)/(2EI) (35)
B(n) = (Mn¢) [(ET) (36)

Using Eqs. (29-36), Eq. (21) gives the following expression
for the tip displacement derivative: ’
Au' ML
= ———=[2N =c¢}2n —2N -1 3 24n?
7 =l [ c*(2n — 2N )+ c(12n3 — 24n°N

"

—18n2 4+ 24nN + 8n — 2N — 1)I/[2N(c + 1)3]

ML
= —E [G(C,n,N) + 1] (37)
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where e(c,n,N) =¢, is the relative error in Au’/A/,. Clearly,
Au’/A¢, depends not only on the accuracy of AK¢/AZ,, as
determined by ¢, but also on the discretization of the beam
and on the element number n.. "

In Refs. 7 and 8, the semianalytic derivatives Au’/AL are
discussed. This quantity is based on perturbations of all
elements in the beam, such that the quantity AL is distributed
evenly among all elements. Noting that

ou' X oudl,
EARR YT A R 9

we can show that the relative error in Au’/AL is equivalent to
the average error in Au‘/A¢/,, which is given by
M
1 X 1 Y A, o
fve = Nngl “= Nngl Ou'l0t,
1= (c/2)(5N?2—4—2/N —¢) _
(c+1?

(39

1 (40)

Equation (40) shows that for small values of ¢, ¢,,, is approx-
" imately proportional to ¢cN2.

For comparison with Ref. 7, Fig. 2 shows a plot of the
average relative errors predicted, using Eq. (40) for various
choices of N and ¢. As the number of elements increases, the
average error also increases for all values of ¢. Note that Fig.
2'is in complete agreement with the numerical results of Ref.
7. Thus, their errors are completely explained by the inaccura-
cies in the pseudoload vectors resulting from the finite-differ-
ence approximation of 0K/0¢, and not, as suggested in Ref. 7,
due to the inability of an Euler beam to properly represent
derivatives with respect to length. For ¢ =0.01, errors of
nearly 1000% occur as the number of elements increases to
20. However, for ¢ = 0.00001, the average error is less than
1.0%, indicating that, in this case, the error can be controlled
simply by proper ¢hoice of c. )

As discussed in Refs. 7 and 8, the central difference formula
(9) may be an effective way to control these errors. Replacing
the forward difference error factors [Egs. (31-33)] with the
corresponding factors for central differences, we obtain the
central difference analog to Eq. (37):

Au’ ML[ N — Ac*— Bc? ]

= N1 +0X(1—0¢)?°

Az, TEI | 412

where
A=6n*—12n>N—9n*+ 120N +Tn —4N —2  (41b)
B =18n>—36n°N —27n2+36nN +13n — TN —2 (4lc)

In Fig. 3, we have plotted the average errors obtained from
Eqgs. (41) as a function of N and ¢ (solid curves) along with
the errors obtained from Eq. (37) (dashed curves). The cen-
tral difference formulation significantly reduced the error. In
fact, for ¢ = 0.001 and N = 20, the average error using central
differences is only 0.3%, whereas the worst element has a
relative error of only 0.7%. For N =20 and ¢ = 0.00001, the
average error is reduced to 0.00003% and the relative error in
the worst element is 0.00007%. This clearly indicates the
potential of the central difference formula for reducing the
errors.

In the next section we will discuss our analytic results in
detail, comparing the relative errors in the semianalytic tip
derivatives predicted from Eq. (37) with those obtained by
computation from a structural optimization code.

Sizing Design Variables—Nonplanar Case

Next, we consider the initially uniform cantilevered beam
with multiple tip loadings in order to demonstrate that
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Fig. 3 Average error of tip displacement derivative with respect to
element length: central difference vs forward difference formulas.

nonuniform errors may occur even for sizing variables. For
simplicity, we again analyze the beam shown in Fig. 1, which
has principal axes aligned with the global system and loadings
applied in the principal planes. We will consider the derivative
of the tip displacement 4’, which occurs at angle 8 with the y
axis. If d* has components ¥’ and v’, we may write

d' =u'cosf +v'sinf (42)

and it follows that the exact and semianalytic derivatives with
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respect to variable b; may be written

od*  ou' ov'

—lﬁ- = 6_b, cosf + 5;' sinf (43)
and

Ad' Au’ Av'

A_bi = A_b, cosf + Kl;: sind (44)

For sizing variables we will show that the y and z components
of the semianalytic derivatives can be written in the form of

Eq. (13) as

Au' o o
E=(1+8i)a_bi (45)
Ay’ N
E=(l+8i)%; (46)
It follows that the relative error is given by
Ad'_od e"é—u—t cos0+s"?i’sin0
. Ab, b, " ob, ' 0b, 7
7 R T
b, o, cos 2, sin

For sizing variables, the b, will generally be associated with a
single element, say n, and, thus, the relative error may vary
from element to element since ¢¥, €%, du‘/0b,, and dv'/db;, may

vary.
Uniform Error

We note that several simplifications to the general nonpla-
nar case may lead to uniform relative error, even though the
separability test [Eq. (7)] for the stiffness matrix is not sa-
tisfied. If ¢¥ =¢? =¢, a constant, Eq. (47) shows that no
variation occurs with element number. Also, if the beam is
uniform, ¢¥ = ¢“, € =¢”, and 0 = in/2 for i =0,1,2..., we will
also have uniform ¢’. This can be seen by simplifying Eq. (47)
for either sin@ =0 or cosf =0. Here, although the| global
stiffness matrix is not separable, the problem degenera&es toa
planar problem in either # or v, which can be handled as
described earlier.

Uniformity of relative error may also occur due to loading.
To see this, we must consider the forms of Au‘/Ab, and
Av’jAb,. We begin by verifying Eqs. (45) and (46) for the
cantilevered beam with the sizing variables shown in Fig. 1.
Since the matrix equations for the y and z directions differ
only in the moments of inertia, we can follow the preceding
analysis for sizing variables. Assuming variable b; occurs in
element n, we may write Eq. (17) as

Ke=1K¢ (48)
where K¢ is not a function of b,. It is clear that

K, =EK; (49)

K:=IK: (50)

where K2 and K7 are the element level stiffness matrices for
the y and z directions, respectively, and I2 =w,h3/12,
IZ = h,w3/12. Clearly, since K¢ is independent of A,, Egs.
(45) and (46) hold.

To determine the semianalytic derivatives Au’/Ab, and
Av'[Ab,, we also need expressions for du’/db, and Ov'/ob,.
From Egs. (2), (49), (50), and the definition of r,, it follows
that

u' 0Ky

on, " oh,

Uy (51
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ov’ 0K,

__ 0K 0K,
oh, " om, "

— %l oh Un
n

(52)

where o, = 3h2/w2. This may be further simplified if the y
and z displacement fields are related by a simple scaling of the
form v(x) = Pu(x), with B a constant. This will occur when the
beam is uniform and the loads in the y and z directions are

related by
F, F,
= z = = 53
P. {M} y{M} vPy 33)

z y

with y a scalar. In this case,

o' 0K 70K, ou’
—=— 20, = — ", =8, =— 54
ahn anrn ahn v’l anﬁrn ahn u’l ’lah" ( )
so that Eq. (47) simplifies to
u v& 4
. _6n cosf + €53, sinf (55)

cosf + 6, sinf

If the beam is uniform €% = ¢¥, €}, = ¢*, and J,, = 4, so that the
relative error is simply

,_ €"cos + ¢ sinf

- 56
cosf + 6 sinf (56)
and is not a function of n. Again, note that, although the
error is uniform, this problem does not meet the stiffness
matrix separability test for h,, which was illustrated in the
general derivation.

Nonuniform Error

If none of the preceding simplifications holds, nonuniform
errors will generally occur. Specifically, for the cantilevered
beam, if P, # yP, and displacements are nonplanar, ¢}, retains
the general form of Eq. (47) and will vary depending on the
element. This occurs because

ou(x) ov(x)
ah "o

(57

As an example, consider loading a uniform beam of length L
composed of N elements of length £ = N/L, with both a tip

" moment M, and a tip force F,. The exact displacement fields

are given by
F, (Lx* x3
W) = g1 (T‘F) (58)
z 2
v(x) = g * (59)

Using these expressions, we may determine du’/dh, and
dv'/dh, —the exact derivatives of the tip displacements with
respect to changes in the height of element ».

oo’ 18M,L?

du* 4F,L?

2= g BV =m 43N —n 1 (6])

From these expressions, we can derive the semianalytic

derivatives

oy (&2
and

A _ (63)

Ah,  "oh,
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Clearly, since

ov' 1

o, =f (h_: ,n) (64)

ou' 1

Z == 65

o f( e ,n> (65)
it follows that e* #¢% for any finite-difference parameter
¢ # 0. From Egs. (60) and (61), it is clear that the dependence
on the number of elements N and element number »n does not

factor out of Eq. (47) and, thus, ¢/, is a function of both N
and n.

Numerical Results

In order to demonstrate numerically the analytical results
just presented, consider two example problems. The first is a
cantilevered beam. For this problem, numerical results are
generated and compared with the analytical resuits developed
in the preceding section. The second example, a typical auto-
mobile frame structure, demonstrates the qualitative results of
the general error analysis for a more practical problem.
Numerical results were generated using the structural opti-
mization code described in Ref. 10.

Cantilevered Beam Problem

For the cantilevered beam problem shown in Fig. 1, we will
assess the accuracy of the semianalytic method when used to
calculate the tip displacement derivatives with respect to the
height and length of the elements making up the beam. First,
consider a beam composed of 20 eclements and take

. L =1000 cm, M, =435.2 Nt-m, F, =0.0Nt, M, = 0.0 Nt-m,
and F, = 0.0 Nt. Each element has length £, = 50.0 cm, height
h, = 8.0 cm, and width w, = 5.0 cm. For this case, the deriva-
tives of the tip displacement with respect to the element height
was calculated for each of the 20 elements, for four different
values of the finite-difference parameter ¢. The derivatives
were then normalized by their true values and the results
plotted in Fig. 4. Note that the error in the derivatives is

- uniform and depends only on c. Also, the error is exactly
equal to that predicted by Eq. (20).

192 -
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Tip Displacement Derivatives (Semi—analytic/Analytic)
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Fig. 4 Tip displacement derivatives with respect to element height
(computed, N = 20).
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For the second case, we again consider the beam just
described with the following discretizations: 5 elements
(¢, =200.0cm), 10 elements (£, =100.0cm), 15 elements
(¢, = 66.667 cm), 20 elements (£, = 50.0 cm). Here, the tip
displacement derivative with respect to ¢, is calculated for
each element, for each of the four different beam discretiza-
tions. In Fig. S, both the computed and predicted tip displace-
ment derivatives are shown (normalized by the true
derivatives) for all of the elements and for each discretization.
The finite-difference parameter is ¢ = 0.01. The predicted val-
ues of the derivatives were generated from Eq. (37). As
expected, the relative error depends on both the number of
elements (N) used to model the beam and on the location of
the element within the beam (n). For this problem, the error
increases with N, and increases as we move along the beam

* from the root to the tip. Note, also, that the computed errors
' are in complete agreement with the predicted errors. Figures 6

and 7 show the computed and predicted normalized deriva-
tives for ¢ = 0.001 and ¢ = 0.00001. Again, the results demon-
strate that the accuracy of the derivatives depends on both n
and N. In Fig. 8, we show the results corresponding to
¢ =0.01, 0.001, 0.0001, and 0.00001, when the beam contains
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20 elements. The magnitude of the relative error decreases
rapidly with decreasing values of ¢. Clearly, for values of ¢
greater than 0.0001, the accuracy of the derivatives is not
acceptable. In fact, when ¢ = 0.01, the sign of the derivatives
is incorrect in most cases. However, acceptable error (less
than 3.0%) is obtained for ¢ = 0.00001.

Finally, consider the cantilevered beam shown in Fig. 1
and loaded with F,=—307.73Nt, M, = —307.73 Nt-m,
F, =307.73 Nt, M, = —307.73 Nt-m. This loading condition
produces displacement fields in the y and z directions, which
are not simple scalings of each other. Consequently, from our
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preceding analysis we expect that the errors in the derivatives
of the tip displacement d’ (for 6 = n/4), with respect to the
element heights, will depend on n and N. The numerical
results for this problem are shown in Figs. 9-11. Four
different beam discretizations (N =5, 10, 15, and 20) and
three values of the finite-difference parameter (c =0.1, 0.01,
and 0.001) are considered. In this case, the derivatives are

. normalized by values calculated using the analytical formula-

tion of Eq. (2). Note that in this case the errors in the
derivatives depend, as expected, on ¢, n, and N. The magni-
tudes of the errors are, however, significantly less for a given
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value of ¢ than we found for the derivatives with respect to
element lengths. Figure 11 shows that for N = 20, acceptable
accuracy is obtained for values of ¢ as large as 0.01.

Automobile Frame Problem

To study the accuracy of the semianalytic method for more
practical problems, consider the half model of a typical
automobile frame,? shown in Fig. 12. The structural model
consists of 33 three-dimensional beam-type finite elements,
each having a rectangular cross section. The structure is
simply supported at the front suspension attachment point A
and loaded in the vertical direction at the rear suspension
attachment point B. Boundary conditions are applied to the
center line grid points to force an antisymmetric structural
response. The net effect of the loading and boundary condi-
tions is to cause torsion of the structure about the centerline.
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Fig. 10 Tip displacement derivatives with respect to element
height — nonuniform error (¢ = 0.001).

AJAA JOURNAL

In this case, we calculate the derivatives of the vertical dis-
placement at point C with respect to the thickness, width,
height, and length of each element in the structure and
compare these against those calculated numerically, using
Eq. (2).

Figure 13 shows the percent error in the semianalytic
derivatives for the element thicknesses, widths, heights, and
lengths. For each case, three different values of ¢ are consid-
ered, and the maximum, minimum, and average errors are
plotted. In all cases, the accuracy of the derivatives varies
from element to element.!! For the thickness derivative, the
largest error (10%) occurs for element number 24 when
¢ =0.1. Acceptable accuracy for all elements is obtained for
values of ¢ less than 0.01. Similar results are shown for the
derivatives with respect to the element widths and heights.
However, the magnitudes of the errors are somewhat greater.’
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Again, acceptable accuracy is attained when ¢ is less than
0.01. Finally, for the case of the derivatives with respect to the
element lengths, the accuracy is significantly worse than that
obtained for the sizing variables for the same values of c.
Relative errors greater than 60% are observed when ¢ = 0.01.
Again, however, acceptable accuracy is achieved when c is
decreased to the smaller, but still reasonable, value of 0.0001.

As seen in Fig. 13, each of the design variables ¢, b, A, and
¢ exhibit different levels of accuracy. This can be attributed to
the varying degrees of nonlinearity of the stiffness matrix with
respect to these variables. For a thin walled box beam, the
section properties are nearly linear in ¢ and, therefore, the
element level stiffness matrix is nearly linear in ¢. As a result,
the accuracy of the displacement derivatives with respect to ¢
is much better than that for b, 4, and ¢/, for a given value of
¢. In general, the careful selection of design variables or other
intermediate variables (e.g., beam section properties) for the
derivative calculations will yield derivatives containing less
error for any given value of c.

Concluding Remarks

The inaccuracy of the semianalytic method for computing
static displacement derivatives with respect to shape and
sizing design variables has been shown to be the result of
errors in the pseudoload vectors. Two type of errors were
identified. In the first case, the inaccuracy of the finite-differ-
ence operation results in a scaling of the pseudoload vector
which, in turn, causes the derivatives to be uniformly scaled
relative to their true values. In this situation, the errors in the
derivatives depend only on the choice of the finite-difference
parameter. In the second case, errors in the finite-difference
operation lead to a distortion of the pseudoload vectors and
nonuniform errors in the displacement derivatives. These
errors may depend on the location (within the structure) of
the element(s) associated with the design variable and the
discretization of the structure, as well as on the finite-differ-
ence parameter c.

The results of the general error analysis were demonstrated
both analytically and numerically for the case of an initially
uniform cantilevered beam. The error in the tip displacement
derivative with respect to the element height is independent of
the element number and the number of elements used to
model the beam. However, the accuracy of the tip displace-
ment derivative with respect to element length varies with
both the element number and the number of elements. In
addition, we show that the cantilevered beam may display
nonuniform relative errors for both shape and sizing variables
that depend on the nature of the displacement fields resulting
from the applied loads. These effects were also demonstrated
for a typical automobile frame structure. For a given value of
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¢, the derivative errors for shape design variables were gener-
ally larger than those for sizing variables.

We note that the cantilevered beam problem was specifi-
cally chosen to demonstrate and analyze the large errors that
may occur when computing semianalytic derivatives. In con-
trast, the errors presented for the automotive frame, a stan-
dard design model used for structural optimization, are
clearly errors that can be expected for realistic structures. For
the problems studied here, the errors were adequately con-
trolled through the choice of the finite-difference parameter.
Although values as large as 0.01 were safely used for sizing
variables, shape variables required values as small as 0.00001
to compute sufficiently accurate displacement derivatives. Ac=
ceptable accuracy was obtained in the automotive frame
problem for both sizing and shape variables for ¢ = 0.0001.

In practice, it is not clear how to handle the errors reported
here for all problems. In some cases, it may be possible to
choose intermediate design or property variables that appear
linearly (or nearly linearly) in the stiffness matrix. This will
greatly improve the accuracy of the finite-difference approxi-
mation. Generally, careful selectlon of the finite-difference
parameter used for the computation of the stiffness matrix
derivatives is a must. Large values of the finite-difference
parameter may lead to large errors of the type analyzed here,
whereas small values may lead to roundoff errors. To mini-
mize roundoff effects, the finite-difference approxxmatlons
should always be computed in double precxs10n as was done
here. Guidelines for choosing ¢ may be found in Ref. 9.

In some cases, we may not be able to choose ‘a value of ¢
such that the forward difference approximations have the
desired accuracy. In these situations, another method must be
used. Iterative correction schemes have been suggested’; un-
fortunately, they are not robust. The central dlﬁ‘erenoe for-
mula, however, is clearly an effective way to control the
finite-difference errors. In some cases, this may be done with
only a slight increase in computational cost. Additional study
may show central difference gradients to be the most practical
approach for minimizing the errors in semianalytic’ deriva-
tives.
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